Abstract. We present elements of H 1 (C ×C, K 2 ) for certain specific curves C. The image of the element under the boundary map arising from the localization sequence of K-theory is the graph of frobenius endomorphism of the reduction of the curve modulo 3. §1 Introduction. Let X be a projective smooth variety over Q. Let S be a finite set of primes such that X has a projective smooth model X over U := specZ[
where X p is the fiber of X at the prime p. A conjecture of Beilinson on the special values of L-function and Tate conjecture tell us that the cokernel of ∂ is torsion. See the remark after Theorem 2.5 in [La] for an account of this. This means there should be enough elements in H 1 (X, K 2 ) so that any element of P ic(X p ) ⊗ Q is in the image of the map ∂ ⊗ Q. The purpose of this paper is to give a potential method to construct elements in H 1 (X, K 2 ) in the case where X is the product of a curve. In this case a typical element of P ic(X p ) which usually does not lift to the generic fiber is the graph of frobenius endomorphism of the fiber of the curve. For a certain curve C of special type we construct a divisor D ⊂ C ×C such that the reduction D p of D modulo p contains the graph of frobenius endomorphism Γ ϕ as an irreducible component(Lemma 2.1).
Next task is to find a nice function g on D such that g vanishes on Γ ϕ and not on other components of D p , and that one can modify (g, D) to an element Σ ∈ H 1 (X, K 2 ) by adding some elements. In this we have succeeded for the curve C and for the prime 3. This is the main result of this paper (Theorem 2.3).
Although in this paper we are able to construct elements only for curves of very specific type, the idea of construction can be applied to more general curves, and we hope it gives a clue to construct more elements in more general situation.
When X is the product of a modular curve there is a beautiful construction of elements in H 1 (X, K 2 ) by Flach([Fl] ) and Mildenhall([Mi] ). However their elements are still not enough to show that coker(∂) is torsion for the products of general modular curves.
The author thanks S. Bloch and R. Sreekantan for discussions. This work was carried out while the author stayed at Department of Mathematics, University of Chicago. He is thankful to the people at Chicago for their hospitality. §2 Construction of an element in H 1 (X, K 2 ). Let C be a curve over Q defined as the normalization of the projective closure of the affine curve y m = t n + 1.
Here m and n are integers such that n ≥ 5, (n, 6) = 1, (m, 3) = 1 and (m, n) = 1. We denote its point at infinity by ∞. For a prime p ∤ mn, the curve C naturally extends to a projective smooth model C over spec Z (p) . We denote the special fiber of C by C p . Let
be a map given by (y, t) → (t). Let F :
We denote the generic fiber of D by D and the special fiber of D by D p .
Lemma 2.1. The intersection
Lemma 2.2. Let κ be the field generated by a primitive m-th root of unity ξ over F p . Then the divisor
Here ϕ is the frobenius endomorphism of C p and ξ is the automorphism of C given by y → ξy.
proof. Let V := (C\{∞}) × Z (p) (C\{∞}). We denote the generic fiber of V by V and its specical fiber by V p . By lemma 2.1 it suffices to look at D p ∩ V p . On V p , D p is defined by the equation t 2 − t p 1 = 0. Here (y 1 , t 1 ) × (y 2 , t 2 ) is a set of coordinates on V p . One can see that y
Remark. This construction of the divisor D can be applied in general to curves which are cyclic cover of P 1 . In the following we specify p to 3. When m = 2 and n = 5 the curve C 3 over F 3 is isomorphic to the curve t 5 = y(y − 1). In this case the characteristic polynomial of the action of ϕ on the Tate module of Jacobian of C 3 is T 4 + 9([Gr-Ro] Lemma1.1). Since End(Jac(C)) = Z, Γ ϕ does not lift to the generic fiber.
proof. Consider the function g :
Here ζ is a primitive n-th root of unity. Hence div(g) is suppoted on the set {(ξ
Here ξ is a primitive m-th root of unity. Let S be the set of points on C given by S = {(y, t) ∈ C\{∞}|y = 0 or t = 0} ∪ {∞}.
We see that the support of div(g) ⊂ S × S. For any point x ∈ S the divisor (x) − (∞) ∈ P ic 0 C is torsion, so we can construct
Since g = 0 at the generic point of Γ ϕ and g = 0 at the generic points of other irreducible components of D 3 , we see that the factor of ∂(Σ) at p = 3 is equal to Γ ϕ . 
is supported on ∞ × ∞ in the same way as the proof of Lemma 2.1. So it suffices to show that 
